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\S 0. .
\S \S 0.1 Credo of “Topos Church “.
cohomology Algebraic de Rham cohomol-






Old Credo (0.1). Cohomology th$eory$ of algebraic varieties is motivic.
homotopy ?
New Credo (0.2). Rational homotopy theory of algebraic varieties is motivic. In
particular, the rational fundamen$tal$ groups of algebraic varieties are moti$vic$ .
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\S \S 0.2 Rational fundamental group.
$X$ $X$ $x$
$\pi_{1}(X, x)$ $G=\pi_{1}(X, x)$ $G$ $\mathbb{Q}$ $\mathbb{Q}G$
Hopf algebra $\epsilon$ : $\mathbb{Q}Garrow \mathbb{Q}$ $augmentation$ $I=ker(\epsilon)$ aug-
mentation ideal $\mathbb{Q}G^{\wedge}=\lim \mathbb{Q}G/I^{n}$ Hopf algebra
$\triangle$ : $\mathbb{Q}Garrow \mathbb{Q}G\otimes \mathbb{Q}G$ $g\in Garrow g\otimes g$
$\triangle\wedge$ : $\mathbb{Q}G^{\wedge}arrow \mathbb{Q}G^{\wedge}\otimes \mathbb{Q}G^{\wedge}$ comultiplication
(0.2.1) $G$roup like elments and Mal’cev completion.
$\mathbb{Q}G^{\wedge}$ $\mathcal{G}$
$\mathcal{G}=\{g\in \mathbb{Q}G^{\wedge}|\hat{\epsilon}=1, \triangle(g)=g\otimes^{\wedge}g\}\wedge$
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$\mathcal{G}$ $\mathcal{G}$ group like element $\circ$ $g\in Garrow$
$\mathbb{Q}G^{\wedge}$ $Garrow \mathcal{G}$ $\mathcal{G}$ $G$ Mal’cev comple-
tion $\circ$ $\mathcal{G}$ $\mathcal{G}_{(m)}=\mathcal{G}\cap\{1+I^{m}\}(m=1,2, \ldots, )$ central filtra-
tion $\mathcal{G}_{(1)}=\mathcal{G}$ $[\mathcal{G}_{(k)}, \mathcal{G}_{(l)}]\subset \mathcal{G}_{(k+l)}$ . $\mathcal{G}_{(m)}$ $m$
$\Gamma_{m}\mathcal{G}$ central ltration $G$
lower central series
$\Gamma_{1}G=G$ , $\Gamma_{m+1}=[\Gamma_{m}G, G]$
$j_{m}$ : $G/\Gamma_{m+1}Garrow \mathcal{G}/\Gamma_{m+1}\mathcal{G}=\mathcal{G}/\mathcal{G}_{(m+1)}$
(1) $ker(j_{m})$






(0.2.2) Primitive elements and Mal’cev Lie algebra.
$\mathbb{Q}G^{\wedge}$ primtive elements $\mathcal{L}$
$\mathcal{L}=\{x\in G^{\wedge}|\hat{\epsilon}(x)=0, \triangle(x)\wedge=x\otimes 1\wedge+1\otimes x\wedge\}$
$\mathcal{L}$
$x,$ $y\in \mathcal{L}$ $[x, y]=xy-yx$ Lie algebra
$G$ Mal’cev Lie algebra $\mathcal{L}$ filtration $\{\mathcal{L}\cap I^{m}\}_{m\geq 1}$ $\mathcal{L}$ lower
cenral series “ $exp$ : $\mathcal{L}arrow \mathcal{G}$ ”
$log:\mathcal{G}arrow \mathcal{L}$ $\mathcal{G}$ $\mathcal{L}$
$\mathcal{G}/\Gamma_{m+1}\mathcal{G}$
Lie Lie $(\mathcal{G}/\Gamma_{m+1}\mathcal{G})$ $\mathcal{L}/\Gamma_{m+1}\mathcal{L}$
\S \S 0.3 Short History toward Motivic Homotopy Theory.
motivic
(0.3.1) Betti realization $=Rational$ homotopy theory
Rational Homotopy Theory D. Quillen
Quillen, D. Rational Homotopy Theory, Ann. of Math. 81 (1965), 205-295.
homotopy 1-




(0.3.2) de Rham realization$=de$ Rham homotopy theory
l-connected C\infty -manifold $M$ homotopy $\pi_{q}(M)\otimes_{Z}\mathbb{R}(q\geq 2)$
$M$ “ ” $\pi_{1}(M, *)/\Gamma_{m+1}\pi_{1}(M, *)\otimes_{Z}\mathbb{R}$ $M$
D. Sullivan minimal model
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K. T. Chen
Sullivan, D., Infinitesimal Calculations in Topology, Publ. Math. I.H.E.H. 47
(1978), 269-331.
Chen, K. T., Iterated Path Integrals, Bull. of the Amer. Math. Soc. 83 (1977),
831-879.
Sullivan original
GrifFiths, P., and Morgan, J., Rational Homotopy Theory and Differential Forms,
Birkh\"auser, 1981.
Chen
Illinoi Journal of Math. (198?) Hain Chen
survey
(0.3.3) Hodge realization$=Mixed$ Hodge strutures on the rational homotopy groups
Sullivan Chen $J$ . Morgan R. Hain
homotopy , Hodge
\S 1 .
\S \S 1.1 The case of single $cu7^{\cdot}ve$ .
$K$ $C$ $g$ 2
$C’$ $K$ $x$ : Spec$(K)arrow C$ $\overline{K}$ $K$
$\overline{C}=C\otimes_{K}\overline{K}$ $\pi_{1}(C)$ $C$ $\pi_{1}(\overline{C})$ $\overline{C}’$
:
$1arrow\pi_{1}(\overline{C})arrow\pi_{1}(C)arrow\pi_{1}$(Spec $K$ ) $arrow 1$
$\pi_{1}(C’)arrow T/1$ (Spec $K$ ) $x$ $\pi_{1}(x)$ : $\pi_{1}$ (Spec $K$ ) $arrow$
$\pi_{1}(C)$ $\pi_{1}(C)$ $\pi_{1}(\overline{C})$ $\pi_{1}$ (Spec $K$ )
$\pi_{1}$ (Spec $K$ )
Int $(\sigma)$ : $\xiarrow\sigma\xi\sigma^{-1}$ ( $\sigma\in\pi_{1}$ (Spec $K$ ), $\xi\in\pi_{1}(\overline{C})$ )
$\rho_{C,x}$ : $\pi_{1}$ (Spec $K$ ) $arrow Aut\pi_{1}(\overline{C})$ $(aarrow Int(\sigma))$
$l$ $\pi_{1}(\overline{C})$ pro-l $\pi_{1}(\overline{C})_{l}$
$\pi_{1}(\overline{C})arrow\pi_{1}(\overline{C})_{l}$ $A\tau xt\pi_{1}(\overline{C})arrow Aut\pi_{1}(\overline{C})\iota$
( ) $\rho_{C,x}$ $\rho_{C,x;l}$ ”non-abelianl
l-adic representation $\rho_{C,x;l}$ $\pi_{1}(\overline{C})$ pro-
nilpotent completion $\pi_{1}(\overline{C})_{nil}$ , p-Sylow $\pi_{1}(\overline{C})\iota I$
$\prod\pi_{1}(\overline{C})_{l}$
$l$
$K$ $0$ $\iota$ : $K\subset \mathbb{C}$ $\pi_{1}(\overline{C})\iota$
$C(\mathbb{C})^{an}$ topological fundamental group $\pi_{1}(C(\mathbb{C})^{an}, *)$ $\pi_{1}(C(\mathbb{C})^{an}, *)\otimes_{\mathbb{C}}I$
$Z_{l}$
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\S \S 1.2 Variable moduluis case, or the case of universal base.
$At_{g}$ $g$ moduli stack $\Lambda 4_{g)1}$ $g$
moduli stack $\mathcal{M}_{g,1}=C_{g}$
moduli $\sqrt W_{9}$ universal family 2-
morphism $C_{g}arrow \mathcal{A}\Lambda_{g}$ $(C, x)arrow C$ Spec $K$
$C_{g}$ geometric point $\mu$ :Spec $\Omegaarrow C_{g}$ geometric
fiber $(C_{\mu}, x_{\mu})$ universal monodromy representation
$\rho_{g;}\iota$ : $\pi_{1}(C_{g}, \mu)arrow Aut\pi_{1}(C_{\mu})$









Galois $Gal(\overline{\mathbb{Q}}/\mathbb{Q})$ ‘ geomet-
$ric$ monodromy :




Theorem (1.1). The fundamental $gro$up of the algebraic sta$ckC_{g}\otimes\overline{\mathbb{Q}}$ is isomor-
phic to the profinite completion $\Gamma_{g,1}^{\wedge}$ of the Teichmtiller group $\Gamma_{g,1}$ of one pointed
Riemann surfaces of genus $g$ .
[O-1]
$\overline{\rho}_{g;l}$ transcendental version $\circ$
Betti realization
\S 2 Local monodromy on the fundamental groups of algebraic curves in
the Betti realization.
monodromy transcendental version Betti
$\mathbb{C}$
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$g$ $c_{0}$ local universal deformation $f$ : $\mathcal{X}arrow \mathcal{D}$





$X$ $X$ critical points
$x_{i}y_{i}=t_{i}$ $(1 \leqq i\leqq 3g-3)$
$(t_{1}, \cdots t_{3g-3})$ $D$
$\mathcal{D}^{0}=$ { $t=(t_{1},$ $\cdots t_{3g-3})|t_{i}\neq 0$ , for all $i(1\leqq i\leqq 3g-3)$ } $f$
$D^{0}$ smooth $t\in D^{0}$
$f^{-1}(t)=X_{t}$ $\pi(X_{t}, *)$ monodromy
$\rho_{f}$ : $\pi(D^{0},t)arrow Out\pi(X_{t}, *)$
(1) monodromy Picrad-
Lefschetz non-abelian version I
Bass-Serre







Malicev Lie algebra Hodge
2
3 variational formulae





Betti realization $C_{g}$ analytic
context analytic stack $C_{g}^{an}$ $K(\pi, 1)$ space
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one-pointed Riemann surface of genus $g$ Teichm\"uller $\Gamma_{g,1}$ \S 1
monodromy g; $l$ Betti version monodromy
$\rho_{g}$ : $\Gamma_{g,1}arrow Aut\pi_{1}(C_{\ell\iota})$







groupoid graphs of groups graph of groups
fundamental groupoid
homotopy
Carlson, Clemens, and Morgan
Mixed Hodge structure on $\pi_{3}(X)\otimes_{Z}\mathbb{Q}$ . Ann. $E^{\ovalbox{\tt\small REJECT}}$col. Norm. Sup. (1984).
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